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Space time is described as a continuum four-dimensional medium similar to ordinary elastic
continua. Exploiting the analogy internal stress states are considered. The internal ”stress” is
originated by the presence of defects. The defects are described according to the typical Volterra
process. The case of a point defect in an otherwise isotropic four-dimensional medium is discussed
showing that the resulting metric tensor corresponds to an expanding (or contracting) universe filled
up with a non-zero energy-momentum density.
I. INTRODUCTION
The need of accounting for many data coming from the observation of the universe at large scale is pushing many
a scientist to introduce a number of suspect entities, such ad dark matter, dark energy, ad hoc universal fields. The
scenario is rather unsatisfactory, resembling a bit to the one at the end of the XIX century with its ether. Summing
up all this it may be the case to explore other schemes or paradigms, in quest at least of a simplified and internally
consistent description of what we already know.
The idea outlined in this paper is that the ”physicity” of space-time may be described as belonging to a sort of
a medium that can be deformed and reacts to strain more or less as ordinary materials do. An energy content in
space-time would be the manifestation of stress-strain induced by the presence of defects, and finally all this would
show up in the metric properties of the same space-time. As we shall see, at the cosmological scale the model appears
to be reasonably consistent with the universe we see.
II. STRAIN IN THE CONTINUUM
Let us start from an unstrained continuum in any number of dimensions. We can label each point in the contin-
uum with appropriate coordinates xµ, and, considering the analogy with ordinary three-dimensional homogeneous
unstrained media, we expect the geometry to be Euclidean. A strain corresponds to a displacement field [1] that
moves each material point to a new position, whose coordinates are obtained from the old ones (in the old reference
frame) as
yµ = xµ + ξµ. (1)
ξ’s are the components of the displacement vector field and in general depend on x’s. If each displaced point drags
with itself the coordinate label, we may call the x’s ”intrinsic” coordinates (the ones used by an internal observer),
while y’s taken with respect to the initial unstrained background will be ”extrinsic” coordinates.
Equation (1) is a diffeomorphism. In three-dimentional continuous media, diffeomorphisms do not modify the
geometry and in particular do not introduce any intrinsic curvature. The strained state can be maintained if the
medium has a boundary and appropriate external forces are applied at the boundary.
Bearing this important remark in mind we can go on determining what is the metric tensor induced by the deforma-
tion field. Suppose the coordinates we use are Cartesian ones. The unperturbed (Euclidean) metric tensor elements
will be δµν (Kronecker deltas). The induced metric is then:
gµν = δαβ
∂yα
∂xµ
∂yβ
∂xν
. (2)
Considering Eq. (1) the induced metric can be written
gµν = δµν + 2εµν, (3)
where the strain tensor εµν has been introduced, whose explicit expression is
εµν =
1
2
(
∂ξµ
∂xν
+
∂ξν
∂xµ
+ δαβ
∂ξα
∂xν
∂ξβ
∂xµ
)
. (4)
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In the linear theory of elasticity the non-linear terms in the brackets are neglected.
The general De Saint-Venant integrability conditions [2] for the six differential equations (2), Rijkl = 0, reduce, in
three dimensions, to the six independent conditions
Rij = 0, (5)
where R’s are the components of the Ricci tensor.
III. DEFECTS
The internal state of a strained medium assumes a non-trivial aspect when introducing the notion of a ”defect”.
The way I shall describe defects is the same, effective and vivid, introduced by Volterra [3] at the beginning of the
XX century, studying the properties of crystals. Suppose to cut away an remove a piece of your material unstrained
continuum, then close the hollow gluing together the corresponding surfaces of the cut. The final state will be a
defect; in the bulk we shall find stresses which stay there without need for peculiar boundary conditions: they are
induced by the presence of the defect.
The theory of defects is a well established one in three dimensions [4] and a complete classification exists of the
different possibilities; I am not going to review this theory here, but I would like to extend its reach to four dimensions
(in principle even more), showing that it can be more than a formal exercise.
IV. A POINT DEFECT IN FOUR DIMENSIONS
Let me consider a vacancy, or, otherwise frased, a point defect. This is the topologically simplest situation for a
defect. Applying the Volterra process we may think of removing a whole sphere from the isotropic and homogeneous
medium, then close the hole pushing its surface radially in.
Radial stresses and strains will result in the bulk. To see what happens in four dimensions let us begin with an
Euclidean unstrained medium described by means of a four-dimensional polar coordinate system. The line element is
of course:
ds2 = dρ2 + ρ2
(
dψ2 + sin2 ψ
(
dθ2 + sin2 θdφ2
))
. (6)
The removal of a sphere etc., as described above, introduces a radial displacement field. Making use of the analogy
with the corresponding three-dimensional elastic problem and as far as the linear theory of elasticity works, i.e.
Hooke’s law is applicable, the solution for the displacement field is:
ξρ =
Q
ρ
, (7)
where Q is a constant. It is Q < 0 when the movement is inwards, Q > 0 in the opposite case.
Of course (7) diverges in the origin, which cannot be the case. The maximum displacement is the one for points on
the surface of the sphere, and equals, of course, its radius R. The simplest guess for a functional form respecting the
constraint of being finite in the origin and going smoothly to (7) is
ξρ =
Q
k + ρ
, (8)
where k is a positive constant and
R =
∣∣∣∣Qk
∣∣∣∣ . (9)
The displacement vector field is singular in the origin although the modulus of the vector is everywhere finite.
According to the elastic analogy the stresses also will diverge in the origin, and any linear approximation (then
Hooke’s law) will cease to be acceptable while approaching the vacancy.
In a sense R represents the ”strength” of the defect, whose presence is testified by the non vanishing integral∫
∞
0
∂ξρ
∂ρ
dρ = −R. (10)
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A. The induced metric tensor
From (3), (8), and (4) we deduce the induced metric tensor. The only affected element is
gρρ =
(
1 +
∂ξρ
∂ρ
)2
=
(
1−
Q
(k + ρ)2
)2
(11)
and the whole line element is
ds2 =
(
1−
Q
(k + ρ)
2
)2
dρ2 + ρ2dψ2 + ρ2 sin2 ψ
(
dθ2 + sin2 θdφ2
)
. (12)
V. A VACANCY IN SPACE-TIME
Our unperturbed initial state was Euclidean in order to have a more direct correspondence with the behaviour
of three-dimensional elastic media, but it is now time to extend the method to actual space-time. The ”trick” to
convert the results obtained from the Euclidean four-dimensional case into analogous ones based on an unperturbed
Minkowski space-time is to transform the ordinary angle ψ into the hyperbolic angle χ = iψ.
The resulting new line element will be
ds2 =
(
1−
Q
(k + ρ)2
)2
dρ2 − ρ2dχ2 − ρ2 sinh2 χ
(
dθ2 + sin2 θdφ2
)
. (13)
Let us perform the simple coordinate change:
ρ+
Q
k + ρ
= τ +
Q
k
. (14)
The line element becomes
ds2 = dτ2 − a2
(
dχ2 + sinh2 χ
(
dθ2 + sin2 θdφ2
))
,
a =
1
2k
(
Q− k2 + kτ +
√
2Qkτ + (k2 −Q)
2
+ 2k3τ + k2τ2
)
. (15)
Equation (15) coincides with a cosmic hyperbolic solution of the Einstein’s equations. The scale factor is a. Space
is conformally flat, and the expansion is an accelerated one (
··
a 6= 0).
A. Stress-energy content
A question at this point is: what is the source for the metric (15). The answer is, in a sense, standard. Calculating
the Einstein tensor Gµν we obtain an energy density
w = −
c2
16piG
G0
0
= −
3c2
16piG
·
a
2
−1
a2
(16)
and a pressure
16piG
c2
p = −G1
1
= −G2
2
= −G3
3
=
1− 2a
··
a +
·
a
2
a2
. (17)
Our defected space-time behaves like a perfect fluid, whose stress-energy content is due to the strain caused by the
”initial” vacancy.
The space-time curvature is
κ = 6
1− a
··
a +
·
a
2
a2
.
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VI. PRELIMINARY CONCLUSIONS
We have seen that a simple analogy between space-time and a physical continuum containing defects provides a
framework able to reproduce or at least re-interpret known results regarding the evolution of the universe at large.
Ours of course is a physical empty space-time. One should now introduce matter. Pushing the analogy further, we
could think that matter appears in the form of other linear defects, meaning by ”linear” that a classical massive object
corresponds to a time-like world-line. The interaction among masses would be mediated by the additional strains
introduced by the presence of these new ”defects”.
Considering more elaborated types of defects it is also possible to directly introduce consequences at the level of
the connection and in particular to introduce torsion. [5]
Of course what we have drawn in the few lines above is rather a programme than a conclusion. The idea seems
promising and, in the least, we have introduced a simple paradigm to account for dark energies, quintessence fields,
and other similar entities.
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